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C_QaªAZ SVBkZs UnBEG"G¤G@YUW]aG`\kG@SnSCZjUWBEG%FG`UWBEZTmF2EG`Tik_j\kSW]Za\kSC]UWB¡ZSWY`]_jUW]\E}zlG@Bk_R]Z>cnS 2RBE]^Y.B
_acWGh[kSV[l_jQ _j\l_jQ@G@m]UWB>[k]UnGhUnG@Y.BE\E]^Y`_alcnG@SW[EUnS8Zj'Y`ZaFiEG_j\k_aQTSW]S 2>_acWGxZazTU._j]\EG@m]UnBUWBk]S
_aiEiEcnZ>_>Y.B
K ]UWBUWBkG_a\k_jQUW]^Y`_a<_aiEiEcnZ>_aY.BI2>ZSWY`]_jUW]\E}G`Tik_j\kSW]Za\kS _jcnGMmEG@SnYcn]z<G@m]UnB_JilG@cW]ZTmT]^Yh[k\kYf
Un]Z>\BE]^Y.BSWBEZsSx[EiUWBEcnZa[E}>B]UnS%ZEZ>[Ecn]G@cMY`ZGY]G`\UnS@%UZRY@Y[Ec.SxBEG`\UWBEG L¡G@]\UWc._j\lSfZ>cWF
ZaUnBEG%SWG@[EG`\lYG"Bk_>SilZ>GXSCZa\¡_j\/]F _j}a]\k_acWQ_jT]S_jUUWBEG"i<Za]\UnS
(a + inb, n ∈ Z) 8ACBEG"FGUnBEZTmikcWGXSVG@\>UnG@mBEG`cnGBk_aS UnBEG%_amE_a\Un_j}>GxZaz<G`]\E} FZacnG"mT]cWGXYyU_j\kmUnZ }a]aG_j\/GTiE]Y`]UG`TiEcWGXSWSW]Za\Za
UnBEG"FQTSVUWG@cW]Za[kS i<G`cn]ZTmT]^Yx[E\kYUW]Za\/BE]^Y.BQ2E]\UnBEG"G`\lmF2E]^SC\EZjUFJQRSVUWG@cW]Za[lS _jU_j4
g_jUWBEG@c UWBl_j\ SVG`UVUn]\E}"[ki_hc._jFG@8Z>cdi"]UWBZ>cWF _jTcnG@SW[EUnS 2jUnBEGiEcnG@SWG`\Un_jUW]Za\HZj SVZ>FHG]FilZ>c f
U._j\Uª_j\kmJ]\>UnG`cnG@SVUW]\E}_j}aZacn]UWBEF S-_jcWGX_amTQ%_a\k_jQR`GXm%]\UnBEG]UWG@cn_jUW[EcnG Bk_aS-z<G`G@\HY.BEZSVG@\PTG@YyUn]Z>\t
SVUW[lmT]GXSZ>\EG"Zj-UWBkG kc.SfUh_a}>Zacn]UnBEF SCZachBE]Y.B_ Y`[Ecn]Z>[kSZ>SnY]_jUW]\E} zlG@Bk_R]Z>cBk_>SzlG@G`\ikcWZs>G@m
a zRQ <\R[TUnB[by PRG@YUW]Za\ / YZa\lSV]^mTG`c.SUnBEGzk_>SV]^Y_a}>Zacn]UnBEFZaUWBEG© UWBkG`cn\EGUiEcnZjUWZTY`Za5¡UJ]^S\EZaU 2SVUWcn]^YyUWQSWi<G@_iR]\E}^2_/_ Zj^_jcn}aG\R[EFz<G`c.S%SWGUWUW]\E}¡zE[TU_¡SV]F]^_jc"ZSWY`]_jUW]\E}¡z<G`Bk_R]Zac"ZTY`Y`[EcnS
_aSWZM]\JUWBE]^S Y`_>SVG>LZacnG`ZsaG@c 2X]Uª]S-\EZaU Za\EQUWcn[EG Zac-UnBEG_aG`c._j}>G@S'zE[TUd_j^SWZhZ>cUnBEGmT]^SfUncW]zE[TUn]Z>\JZa
UnBEGhs_acW]^_jzEG@S@ PRG@YUW]Za\rJ}a]aG@S8ZjUnBEG`c8GE_jFiEG@S8BEG@cWGMSV]F]^_jc8FHG`UWBEZTmESCY@_j\z<Gh[kSWG@m \ik_jcWUW]^Yf
[k_ac 2a_hUWcnG@_jUWFG`\UªZal©d[k_jUW]Za\ a r,b]^S-iEcnZai<Z>SWG@m ACBEGCGE_jFiEG@S-Za¤PRGXYyUn]Z>\ / _j\lmPTG@YyUn]Z>\Jr"SWBEZs_aSWZ%UnBk_sUCUnBEGFHG`UWBEZTmmTZRG@S \EZaUC}>]>GhZ>\EQ_kc.SVU Z>cnmTG@cdUnG`cnFZj'UWBEG"_aSWQRFiTUWZaUW]^YhG`Ril_j\kSW]Z>\ a ]4 Ga_jU-UWBEGCG`aG@RZjkUnBEG^_Zj<_acW}>G8\R[EFJzlG@cnSbzk[TUdY`_a\J_j^SWZx}>]>G SW[EzkSWG@[EG@\>U-UnG`cnFS-ZakUnBEGCGTik_j\lSV]Za\
 FZ>cWGYZ>FHik]^Y`_jUWG@m/SWiE]UWUW]\E} _j}aZacn]UWBEF]^S_j\l_jQ@G@m]\¡L¡Z>Bk_jFGXm_a\kmgZaz<G`cWU 9 u@|;5
I	 "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 .0 '$
ACBkGx_j[EUWBEZ>cd]^Sª}ac._sUnG[ElUWZbªBE]]iEi<G(Z^_sefZ>G`UªZac8[E\kYZ>[E\Un_azEGx]\UnG`cnG@SVUW]\E}YZ>\RaG`c.Sn_sUW]Za\lS-Za\UWcnG`G
_a}>Zacn]UnBEF S_j\lm¡L¡G`]\¡Uncn_a\kSfZ>cWF S@ACBEG%ik_ailG@cx_j^SWZ zlG@\EGEUnG@mcWZ>F Uf Z_j\EZ>\RQFZ>[kScnGG`cnG`GXS
Y`ZaFFG`\UnS@
 )  	"!  /+.`,w	%+,%"!-./
ACBk]S SVGXYyUn]Z>\_j\k_aQR@G@Sd_a\_j}aZ>cW]UWBkF ]\RaGXSfUn]}_sUWGXmzRQ<\R[TUnB]\u@|.n / 2>SWG`G*<\R[TUnB 9 uXq;¤ik_a}aGu / u5f
u / tEUYZ>\kSW]SVUnS']\SWiE]UWUW]\E}c._j\kmEZaFQ_j\lmcWGXY[Ec.SV]aG@QM_}acnZa[kiMZa
n
]\E]UW]^_j]UWG`F S']\UWZxSV[Ezk}acnZa[EikS
[k\>Un]RGX_aY.B"ZjkUWBEGCSV[kzE}acnZa[EilSBk_>S'Y`_acnmE]\k_a]UfQ
0
Z>c
1
  _sUWUWG@c 2s]UBl_aSz<G`G@\[kSWG@mzRQ%I _ailG`Un_a\k_iR]^S 9 / ;
qUqsrt^uv&w4x
    g-)  3^C&!
_a\km ASWQRzk_i>Zs/_a\km L¡]8iRBk_a]Zs 9 tat4;ª]\UnBEGmTGXSV]}a\ ZjC_j}aZacn]UWBEF ShZac%_aY@YGXSWSMiEcnZjUnZRY`Za^SxUWZ¡YZ>F"f
FJ[E\E]^Y`_jUW]Za\ Y.Bk_j\E\kG`^S`PRG@G_j^SVZUWBkGSV[EcnaG@QTS%Z^_sefZ>G`U%_j\km  _aY`[EG`U 9 uX{;8_j\lm©ªikBEcWG@F]mTGXS%_j\lm
x_sefG i 9 n4;5
 B-GFTUN_ >?A,BEDDFB-GIHKJ
A,HMLUNFBED@OIP K(n)
N
n = 0
Zac
1 −→ >[DQLI? 
N
n ≥ 2 xACBEG n G@G@FG`\UnSM_jcnG%c._j\kmTZ>FQC2kG@[k_aQ32¤mT]R]mTGXm¡]\>UnZUf ZSW[EzE}acnZa[kikS` n1 _j\lm
n − n1
mTG@\EZjUnGUWBEG%Y@_jc.mT]\l_j]Un]GXS8ZaUnBEG@SWG"SV[kzE}acnZa[EilSdUnBEG`\
−→ J
??A_ K(n1) _j\km K(n − n1) 
ACBEG"Y`Z>SVU
Rn
ZaUWBEG"_a}>Zacn]UnBEF K(n) SfU._jcWUW]\E}J]UWB n G@G@FHG@\UnSC]^S mEGk\EGXm_>S8UWBEG\R[EFz<G`cCZaSVUWG@ikS]UhcnG@[E]cWGXSCUWZSfUnZaiQ2l]\¡ik_acVUn]Y`[E^_jc42
R0 = R1 = 1
CACBkG"ZaZs]\E} iEcnZai<Z>SW]UW]Za\/G@SVUn_azE]^SWBEG@S
_ cnG@Y`[EcncWG@\kYG¡cnG`^_sUn]Z>\Z>cUnBEGZjUnBEG`cs_j[EG@S Za
n
 U]SSV]FiEQ _ Z>cWF _acWG@iEBEc._aSW]\k} ZjUWBEG
mEG@SnYcn]iTUn]Z>\Za'UnBEG%_j}aZ>cW]UWBEF/
M  ¦d¦  D  D ¦ F
	 ¦ E@ D  	   '   F   	   T9D ¦ F !
n ≥ 2  -^(!d	@`3 	!	35)8 Rn5	 E6&%-^%!d5)8	 
Rn 
= 1 + R1n−Sn + R2Sn , n ≥ 2, - Sn = B1 + · · · + Bn 	`
 -^ 7 7-`C7(	!	35)8& Bi  i ≥ 1 	! *&!@!g)-)   --
	!d	 &5! 1/2 "
 #&! 0 ≤ k ≤ n  
	!	35)8& R1k 	` R2n−k 	!
-`3^&@`35^*	` R1k 	` R2k ^	 5	 "`E!#!g  	
Rk
7
ACBEG¨ G`cn\EZa[E]8s_jcn]^_jzEG@S"Bl_aG UnBEGZ>Zs]\E}]\>UnG`cniEcnGUn_jUW]Za\R4ZEZ>c
i ≥ 1 2 ] Bi = 0 9 cnG@SWi
Bi = 1
;UnBEG
i
UWB/G`G`FG@\>U}>ZGXSC]\UnBEG kc.SfU 9 cWGXSVi SWG@Y`Za\km.;'SW[EzE}>cWZ>[Ei
ACBEGcWGXY[EcncWG@\kYGcnG`^_sUn]Z>\Z>c
(Rn)
_a\kmUWBEGz<Za[k\kmE_jcnQY`Za\kmE]Un]Z>\kS%_sU
n = 0
_a\km
1
Y`_j\ z<G
]\UWG@}ac._sUWGXm]\UWBEGZ>Zs]\k}JC_Q32
Rn $&% '()= 1 + R1n−Sn + R2Sn − 2{n≤1}. a q3b
ACBkGMcnG@SVUZjUWBEG%SWG@YUW]Za\]SmEG`aZaUWGXmUnZUWBEG%_a\k_jQTSV]^S Zj'UnBEG%_aSWQRFiTUWZaUW]^Yxz<G`Bl_]ZacCZaUnBEG%_aG@cn_a}aG
s_a[EG
E(Rn)
ZaUnBEGcn_a\kmTZ>Fs_jcn]_azEG
Rn
BEG@\
n
]^SC_acW}>Ga
M  ¦d¦  D  D ¦ F+*, Mx¦ D4@ ¦ F H8F9J ¦  -. !
x > 0     E5 !d	^#&! r(x) $# -^50/#!^&@
(E(Rn))
E*+3-5:5  &5!&
r(x) =
+∞
∑
n=0
E(Rn)
xn
n!
e−x = 1 + 2
∑
k≥0
2k P
(
t2 ≤ x/2k
)
, a   b
 ^&! t2 E  1!g  #   =-@`35`C&[ 
2&^5^	)-)  `E!3!g`k!d	@`3 	!	C&)8&  - 	54!	 &&!
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OQPMqROTS
 
		 !"$#%&('*) +,!-." n
  !d  #&7  N = (N([0, t])) 2 (tn) ]S_b-Za]^SnSVZ>\iEcnZTYG@SnS ]UnB/]\UWG@\kSW]UfQ 1 dPRG`GMUWBkG%_jiEi<G`\kmE] ªACBEGb-Z>]SnSVZ>\Uncn_a\kSfZ>cWF
r(x)
Y@_j\zlG"G`RikcWGXSWSWG@m_aS
r(x) = E
(
RN([0,x])
)
,
ZkZac
n ≥ 0 2 Sn mTG`\EZaUWGXSMUWBEG n UnB il_jcWUW]^_j SV[kFZjC¨ G`cn\EZa[E]c._j\lmTZaFOs_acW]^_jzEG@SM]UWB ik_acn_aFHG`UWG@c
1/2
-gG@_jUW]Za\ a qCb }a]aG@S8UnBEG"]mEG`\UW]UfQ
RN([0,x]) $&% '()= 1 + R1SN([0,x]) + R2N([0,x])−SN([0,x]) − 2{N([0,x])≤1}.
ACBkGb-Za]^SWSWZa\¡s_acW]^_jzEGc._j\lmTZaF s_jcn]_azEG
N([0, x])
]^SxSWiE]U]\UnZUf Zc._j\kmTZ>F s_acW]^_jzEG@S
SN([0,x])_a\km
N([0, x]) − SN([0,x])
  Y@YZ>cnmT]\E} UnZbdcWZ>ilZSV]UW]Za\uX{ ZjdUWBEG_jiEi<G`\lmT]F2<UWBkGHmT]^SVUWcn]zE[EUW]Za\Za
UnBEG@SWGUf Z a ]\lmTG`i<G`\kmEG`\Ubcn_a\kmTZaF _acW]^_jzkGXSC]Sb-Z>]SnSVZ>\]UWB/ik_acn_aFGUWG@c x/2 2E]5 G>ªUWBkG%mT]SVUWcn]zE[gfUn]Z>\Zj
N([0, x/2])
PR]\lYG32¤zRQ¡mTGl\E]Un]Z>\Q2
t2
]ShUWBkGHSWG@Y`Za\km/i<Za]\UMZa UWBEGJbZ>]SnSWZa\¡iEcnZTYG@SnSUnBEG`\
{N([0, x]) ≤ 1} = {t2 > x}
_j\lm
E
(
RSN([0,x])
)
= 2E
(
RSN([0,x/2])
)
+ 1 − 2P (t2 > x) .

f(x) = r(x) − 1 2'UWBEG_>SfU%]^mTG`\Un]UfQ Y`_j\ z<Gcn]UWUWG`\ _>S f(x) = 2f(x/2) + 2P (t2 ≤ x) ¨ Q]UWG@cn_jUW]\E}^2TZ>\EG}aG`UnS UWBkG"GTik_j\lSV]Za\
f(x) = 2nf(x/2n) + 2
n−1
∑
k=0
2k P(t2 ≤ x/2k).
ACBkGM]FH]UhZa'UWBkG%SVGX>[kG`\kY`G
(2nf(x/2n)/x)
]S UnBEG"]F]UhZj
(r(h) − 1)/h _>S h }aZRG@S UnZ 0 4
lim
n→+∞
2nf(x/2n)/x = r′(0) = E(R0) − E(R1) = 0.
gG`iEcnG@SWG`\Un_jUW]Za\ a   b Za'UnBEG"b-Za]^SWSWZa\UWc._j\kSVZacnF ]^SCUWBR[kSCGXSfU._jzE]SWBEGXm 
ACBEGZaZs]\E} iEcnZai<Z>SW]UW]Za\ G@SVUn_azE]SWBEG@S_ [kSWG[EM]\UnG`}ac._jxcWG@iEcnG@SWG`\Un_jUW]Za\ Zj"UWBkG[k_j\Un]UfQ
E(Rn)
BE]Y.B/}>]>G@S UWBkG iaG@QZjUWBEG%_>SVQRFiTUnZjUW]^YGTik_a\kSW]Z>\ UnShiEcWZRZa[kSWG@S_HiEcnZazl_jzE]]^SVUW]^YMUWcn]Yi
Za]\kmTG@ilG@\kmTG`\Uh]\UWG@cWGXSfUCUWZ]\RaG`cWUCUWBEG"b-Z>]SnSVZ>\Uncn_a\kSfZ>cWF/
M  ¦d¦  D  D ¦ F   M  ¦ -TD ED4`9D §  >£CMh¦ D X ¦ F FLD>T D ¦ F   !
n ≥ 2 
E(Rn) = 4n
∫ 1
0
2−{− log2(x)}(n − 1) (1 − x)n−2 dx − 1, a nb
 - {y} = y − byc  -^ #!d	C&@	)	! # y ∈ R 7
  !d  #&7  S]\ UnBEGiEcnZRZjZjbdcWZ>ilZSV]UW]Za\t2 N = (N([0, x])) = (tn) mTG`\kZjUWGXSJ_bZ>]SnSWZa\ i<Za]\>UikcWZTYGXSWS]UnB ]\>UnG`\kSW]UfQ
1
 ¨ Q&[kSW]\k}©d[k_jUW]Za\ a   b_a\km zRQ mTG@Y`ZaFi<Z>SW]\E}_aY`Y`Zac.mT]\E} UWZUWBEG
qUqsrt^uv&w4x
    g-)  3^C&!
\R[EFJzlG@cZj
tn
 SC]\UWBEG"]\UWG@cWs_j
[0, x]
2EZa\EG}>GUnS
r(x) = 1 + 2
∑
k≥0
2kP
(
t2 ≤ x/2k
)
= 1 + 2
∑
k≥0
2k
∑
n≥2
P
(
t2 ≤ x/2k, N([0, x]) = n
)
= 1 + 2
∑
k≥0
2k
∑
n≥2
P
(
t2 ≤ x/2k | N([0, x]) = n
) xn
n!
e−x.
 Y@YZ>cnmT]\E} UWZ bªcWZ>ilZSV]UW]Za\ ut.2JY`Za\kmT]UW]Za\l_jQZa\ UWBEGG`>G`\U {N([0, x]) = n} 2"UWBEG_acW]^_jzEG
(t1, t2, . . . tn)
Bk_>SUWBkGJSn_jFG%mT]^SfUncW]zE[TUn]Z>\_aS
(xUn(1)
2
xUn(2)
2@` 2
xUn(n))
2¤BEG`cnG
(Ui, 1 ≤ i ≤ n)_acWGJ]\lmTG`i<G`\kmEG`\U"cn_a\kmTZaF#s_jcn]^_jzEG@Sh[E\E]ZacnFHQmT]^SfUncW]zE[TUnG@mZa\
[0, 1]
_j\km
(Un(i), 1 ≤ i ≤ n)
mTG5f
\kZjUWGXS UnBEG`]c8\kZa\gf mTG@Y`cWGX_aSW]\k}McnG`Z>cnmEG`cn]\E}l' \il_jcWUW]^Y[E^_jc42>Y`Za\kmT]UW]Za\l_jQHZa\UnBEGhG@aG`\U {N([0, x]) =
n} 2RUWBEG"s_jcn]^_jzEG t2 Bk_aS UnBEG%SW_aFGmE]SVUWcn]zk[TUW]Za\¡_aS xUn(2) 2EBEG@\kYGMUnBEG%[k_j\UW]UfQ
P
(
t2 ≤ x/2k | N([0, x]) = n
)
= P
(
xU2,n ≤ x/2k
)
= P
(
U2,n ≤ 1/2k
)
mEZGXSC\EZjUhmEG`i<G`\kmZa\
x
ªACBkG"bZ>]SnSWZa\UWc._j\kSVZacnFY`_a\UnB[lSzlG"cn]UVUWG@\_>S
r(x) = 1 + 2
∑
k≥0
2k
∑
n≥2
P
(
U2,n ≤ 1/2k
) xn
n!
e−x a   b
chZs%2TzRQSV]UnY.Bk]\E}HUnBEGUf8Z SW[EF S52TZ>\EG"}aG`UnS
r(x) =
∑
n≥0
xn
n!
e−x + 2
∑
n≥2


∑
k≥0
2k P
(
U2,n ≤ 1/2k
)


xn
n!
e−x
= e−x + xe−x +
∑
n≥2

1 + 2
∑
k≥0
2k P
(
U2,n ≤ 1/2k
)


xn
n!
e−x.
ACBkGh^_aSVU G`RikcWGXSWSW]Z>\ ]S YG@_acWQ _%b-Za]^SnSVZ>\ UWc._j\kSVZacnF 2>zRQ]^mTG`\UW]QR]\k}UnBEGMY`ZRGY]G`\UnS 2>UWBE]^S Q]G`^mES
UnBEGZaZs]\E}JZacnF[k_^2RZac
n ≥ 2 2
rn = 1 + 2
∑
k≥0
2k P
(
U2,n ≤
1
2k
)
= 1 + 2
∑
k≥0
2k E
( 
{U2,n≤1/2k}
)
.
¨ Q
ZE[EzE]\E]  S ACBEG@ZacnG`F 2jUnBEGhSW[EF _a\kmHUWBkGGTi<G@YyU._sUn]Z>\Y`_j\ _aSWZ"zlGxSV]UnY.BEGXm a UnBEGhSW[EFF_a\kmES8_jcnG\kZa\gf\EG`}_sUn]>G4b2UnBEG`cnGZ>cWGC2
rn = 1 + 2E


∑
k≥0
2k

{k≤− log2(U2,n)}

 = 1 + 2
(
E
(
2d− log2(U2,n)e
)
− 1
)
.
OQPMqROTS
 
		 !"$#%&('*) +,!-." |
PT]\kY`G32 Z>c
x > 0
2
P(U2,n ≤ x) = 1 − (1 − x)n − nx(1 − x)n−1
2UnBEG mTG`\lSV]UfQ¡[E\kYUW]Za\ Zj8UWBEG
s_acW]^_jzEG
U2,n
]^S UWBEG[k\kYyUn]Z>\
x → n(n − 1)x(1 − x)n−2 Z>\ [0, 1] ACBE]^S}>]>G@S8UWBEG"cnG`^_sUn]Z>\
rn = 4n
∫ 1
0
2b− log2(x)c(n − 1)x(1 − x)n−2 dx − 1
= 4n
∫ 1
0
2−{− log2(x)}(n − 1)(1 − x)n−2 dx − 1.
ACBkGMikcWZ>ilZSV]UW]Za\]SCikcWZs>G@m 
K ]UWB _SW]F]_acJ[kSWGZaZE[Ezk]\E]  SHACBkG`ZacnG`F _aSJ]\ UWBEG/_jz<ZsaG ikcWZRZj$2 Z>\EG}>GU.S"UWBkGZ>Zs]\k}
cnG`ikcWGXSVG@\>U._sUn]Z>\ZjUWBEG"b-Z>]SnSVZ>\Uncn_a\kSfZ>cWF Zj
(Rn)

M  ¦d¦  D  D ¦ F      E5: !	#&!  #%-^(50/3!^5
(Rn)
	  !d!55^` 	
r(x) = 4x
∫ x
0
2−{log2(x)−log2(y)}e−y dy + 2(1 + x) e−x − 1, x ≥ 0. a |Cb
©d[k_sUn]Z>\ a |3b8]SCFZ>cWGMGTiE]Y`]UCUnBk_j\©d[k_sUn]Z>\ a   b2T]UBk_aSC\kG`aG@cVUnBEG`G@SnS8\EZJ[lSVG]\UnBEG"_aSWQFigfUnZjUn]Y_j\l_jQRSW]^S52T©d[k_jUW]Za\ a   b ]S UnBEG%iaG@Q]mEG`\UW]UfQa
  !d  #&7 ¨ Q©8>[l_sUW]Za\ a   bC_j\km Zk[EzE]\E] SACBEG@ZacnG`F 2TZa\kGM}>GU.S
1
2
(r(x) − 1) =
∑
k≥0
2k E
( 
{t2≤x/2k}
)
= E


∑
k≥0
2k

{t2≤x/2k}


= E
[(
2blog2(x/t2)c+1 − 1
) 
{t2≤x}
]
,
UnBEG%iEcnZRZj]SxYZa\lY[kmTG@mzRQUncW]UWG%Y@_j^Y[E^_sUn]Z>\kS_a\kmzQ[kSW]\E}UnBEG" _>YyUUWBl_sUUnBEG%c._j\kmTZ>Fs_jcn]_azEG
t2
Bl_aS UWBkG%mTG`\kSW]UfQ
(x exp(−x)) Za\ R+

<\R[TUnB  SJcnG@SW[EUJZa\ UnBEG_>SVQRFiTUWZaUW]^Yz<G`Bk_R]Zac%ZaUWBE]^SH_j}aZacn]UWBEF
]S}a]aG@\ zQ UnBEGZ>Zs]\k}
UnBEG`Z>cWG@F/
H   R¦     V~ ¢    ¦  D  ¦ X D  4T D ¦ F 	5!d	5+,$#
Rn
&	 E %

2&^	
E(Rn) = nF (log2(n)) − 1 + O
(
ne−n
)
, n ≥ 1, a uX{Cb
 -
F (y) = 4
∫ +∞
0
2−{y−log2(x)}e−x dx. a u>u4b
 ^ #0!g5 
F
E ^&!4`  -- ^&!4` 1  -k	! #!g)8	!
"50/3!^5 (E(Rn)/n) E"@ 45! +-.+C7
qUqsrt^uv&w4x
uX{   g-)  3^C&!
 \YZaFFJ[E\E]^Y`_sUn]Z>\\EG`Uf8Z>cdiTS 2jUWBkGM[k_a\>Un]UfQ
E(Rn)/n
]^SdcnG`^_sUnG@mUnZH_a\_aG@cn_a}aG UWc._j\kSWF]SnSW]Z>\
Un]FGJBEG`\
n
FGXSWSn_j}>G@S_acWG%]\E]UW]^_jQ]\UWBkG\EG`Uf8Z>cdi¤ACBEGJiEcn_>YyUn]Y@_j'Y`Za\kSWG@[EG@\kYG%Za UWBEGJZ>SnY] f
^_sUn]Z>\kSMZj UWBEG SWG@[EG@\kYG
(E(Rn)/n)
]^S"\EG`>G`cWUWBEG@GXSWS[E]UWG]F]UWG@m SW]\lYGHUWBEG_aFiE]UW[lmTGZj UWBEG
ZSWY`]^_sUW]Za\lS8Za'UnBEG[E\kYUW]Za\
F
]^SZa'UWBkG"Zac.mTG`cCZj
10−5
dPTG`G%Z]}>[EcWGu>
  !d  #&7 ¨ Q©8>[l_sUW]Za\ a nb&2T]U]^SG`\EZ>[E}aBUWZZRZ3i_jUUWBEG"_aSWQRFiTUWZaUW]^Yxz<G`Bl_]ZacZa
∫ 1
0
2−{− log2(x)}n (1 − x)n−1 dx =
∫ n
0
2−{log2(n)−log2(x)}
(
1 − x
n
)n−1
dx.
ACBkGMG@G@FG`\Un_acWQ]\EGX>[l_j]UfQ
∣
∣
∣
∣
∫ 1
0
2−{− log2(x)}n (1 − x)n−1 dx −
∫ +∞
0
2−{log2(n)−log2(x)}e−x dx
∣
∣
∣
∣
≤
∫ +∞
n
e−x dx +
∫ n
0
∣
∣
∣
∣
(
1 − x
n
)n−1
− e−x
∣
∣
∣
∣
dx = 2e−n
Y`Za\kY`[lmTG@S UnBEG"iEcnZZaf
   . 	
¨ QMG`s_j[k_jUW]\E}UWBkGª]\UnG`}ac._jaZjE©d[k_jUW]Za\ a n3b2Za\kGª}aG`UnS UnBk_sUUWBEG [k_j\UW]UfQ E(Rn) Y`_a\"zlG8GTiEcnG@SnSVGXm_>S
E(Rn) = 1 + 2
∑
k≥0
2k
(
1 −
(
1 − 1
2k
)n
− n
2k
(
1 − 1
2k
)n−1
)
.
ACBk]S8]SdUWBkGMSVUn_acVUn]\E}JilZ>]\U ZjFZ>SVU Za'_j\k_aQTSWG@SdZj UWBk]SC_j}aZ>cW]UWBkFU8]^SdZaZs G@m zRQ SWZaFGhG`Ri<Zf
\kG`\UW]^_j-_jiEikcWZT]F_jUW]Za\kS 2k_LG`]\Uncn_a\kSfZ>cWF Zj UnBEGJcnG@SW]^mT[k_jSVG@cW]G@Sx_j\km l\k_jQ¡SWZaFGY`ZaFiEG
_a\k_jQTSV]^S _jcn}a[kFHG@\UnS-UnZmTG`cn]aGCUWBkGx_aSWQRFiTUWZaUW]^YCzlG@Bk_R]Z>cªZj¤UWBkGZacn]}>]\l_jkSWG@[EG@\kYG>ACBEGhilG@cW]ZTmT]Y
[k\kYyUn]Z>\
F
_aiEi<G@_jc.S-UnBEG`\ UnBEcnZa[E}>BH]UnS6ZEZ>[EcW]G`cªUWc._j\kSVZacnF/¨ Q]\RaG@cnSW]Z>\Q2j]U8]^SªG`RikcWGXSWSWG@mH]\UWG`cnF
Za'UnBEG"s_j[EG@SCZaUnBEG_jFF _J[E\kYyUn]Z>\
Γ
Za\/_J>G`cWUW]^Y`_a¤_jT]SCZaUnBEG%YZ>FHikG`iE^_j\EGC2
F (x) = − 2
log 2
∑
k∈Z−{0}
ξkΓ(ξk − 1) e2ikπx
]UWB
ξk = 2ikπ/log 2
Zac
k ∈ Z I8G@_acWQ32T]U]SF[kY.BG@_>SV]G`cCUnZHG@s_j[k_sUnGUWBEG%_>SVQRFiTUWZaUW]^YMzlG@Bk_R]Z>c ZaUnBEG"]\>UnG`}>cn_a a nb`ªL¡ZacnG&fZs>G`c42s_aS-_MzlG@\EGEU42jUnBEGCilG@cW]ZTmT]Y8[E\lYyUW]Za\
F
SVBEZsS[Ei [E]UWGC\k_sUn[Ec._jQ%_a\km]UWB_mT]cWGXYyU GTiE]Y`]U
G`TiEcWGXSWSW]Za\Bk]Y.B]Sh_jiEik_acWG@\UWQ \EG`"
OQPMqROTS
 
		 !"$#%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Z]}>[EcWGu 4-ACBkG"]\UWG@cWi<Za^_sUnG@mSVGX[EG`\kY`G
n → E(Rn)/n
   C! 
ACBkG%YZa\UnGRUZj-UWBkG%_j}aZacn]UWBEF _j\k_aQR`GXm]\/UWBk]SxSVGXYyUW]Za\/]^SCUWBkG"ZaZs]\E}%4  \_ YZaFFJ[E\E]^Y`_sUn]Z>\
\kGUf Zaci ]UnB¡Za\EQZ>\EG"Y.Bk_j\E\kG`2k_sUFZ>SVUZa\kG"FHGXSWSn_j}>GMY@_j\/z<GUWc._j\kSWF]UWUWG@mGX_aY.B/[E\E]UZjUW]FGa
MUf ZUncn_a\kSVF]UVUnG`c.S a ZacSVUn_jUW]Za\kSbUWcnQ_sU UnBEGSn_jFGUW]FHGC2dUnBE]^S ]S_ _a][EcnG a _ YZ>]SW]Za\[bH_j\lmz<ZjUnBZaUWBkG`F Bk_>GUnZcnGUncn_a\kSVF]UH^_sUnG`cX  \ _a\© UnBEG`cn\EG`U\kGUf Zaci2-UnZGX_aY.B SfU._sUW]Za\ _a]Un]\k}
Z>cUncn_a\kSVF]^SWSW]Za\¡]^Sx_>SWSWZTY]^_sUWGXm¡_j\¡]\UWG`}>G`c
L
BE]^Y.B]^SUnBEGJ\R[EFJzlG@chZa8YZ>]SW]Za\kS]UBk_aSx_jcWGX_amTQ
G`TilG@cW]G`\kY`G@m   UUn]FG
t + 1
2_ SfU._sUW]Za\ ]UWB _ Y`Za[E\UnG`cGX>[l_jUnZ
k
UWcn]GXSUWZ Uncn_a\kSWFH]U]UWB
ikcWZ>zk_jzE]]UfQ
1/2k
HPTG`G L¡GU.Y`_a8_a\km¨ Z>}a}>S 9 u   ;d_a\km  mTZ>[kS 9 u5;5"ZEZac
t ≥ 0 2 L(t) mTG`\EZaUWGXShUnBEGs_a[EG"Za'UnBEGYZ>[E\UWG@cZj _J}>]>G`\/SfU._sUn]Z>\Bk]Y.B/]^S _a]Un]\k}JZ>cCUWc._j\kSWF]SnSW]Z>\Z>c
t
[E\k]U.SZjUW]FGa
 \¡_YZ>FiEG`UWG@QY`Za\E}>G@SVUWGXm\EG`Uf8Z>cdi@2UWBkG%SVGX>[kG`\kY`G
(L(t))
G`>ZaaG@SC_>S ZaZsS 4
L(0) = 1
_j\km
L(t + 1) =
{
L(t)
]UWB/iEcnZazk_azE]]UfQ
1 − aL(t)
L(t) + 1 aL(t),
BkG`cnG
a ∈ (0, 1)  ZEZacx© UWBkG`cn\EGUxUWBEGJ_a[kG%Zj a ]S 1/2   \_aiEiEcnZR]F _sUnG@mYZa[k\>Un]\k}_j}aZ>cW]UWBEFikcWZ>ilZSVGXmzRQkZ^_sefZaGU_a\kmL_jcWUW]\ 9 uau;[kSVGXS_j^SVZ SW[kY.B/_HSWG@[EG@\kYG
(L(t))
2kSWG`G Z^_sefZaGU 9   ;ZkZac
k ≥ 1 2 Gk mTG`\kZjUWGXS UnBEGSWZjefZa[kcW\ UW]FGZj (L(t)) ]\ SfU._sUnG k 2 Gk ]^S_ }>G`Z>FHG`UWcn]Y@_jQmE]SVUWcn]zk[TUWGXm]UWB/ik_acn_aFGUWG@c
ak
4
P(Gk ≥ n) =
(
1 − ak
)n
.
I8Z>\kSWG@[EG`\UnQC2
G1 + · · ·+ Gk−1
]S8UnBEGBE]UWUW]\E}JUW]FHGZa
k
Z>c8UnBEGMiEcWZTY`G@SnS
(L(t))
ocZaUWGxUWBk_jU UnBEG
c._j\lmTZaF s_jcn]^_jzEG@S
(Gk)
_jcnG32TZaYZ>[Ec.SVGC2]\kmTG@ilG@\kmTG@\>UX
ACBEGJ_aG`c._j}>GxBk]UWUW]\E} UW]FG%Zj
k
]^SUWBkG`cnGZacnG
a−k
2kUWBE]^ShSW[E}a}>G@SVUnS UnBk_sUUnBEG%s_j[EG%Za
L(t)
]^SZa
UnBEG"Zac.mTG@cZj
log1/a(t)
BEG`\
t
]SC^_jcn}aG>ªACBE]^S_jiEikcWZT]F_jUW]Za\]SC]\kmTG@G@mUWcn[EG 4ª]U]S\EZjUhmT] Y[EU
UnZ%SVBkZsUnBk_sUªUnBEGh[k_a\>Un]UfQ |E(L(t))− log1/a(t)|
]S z<Za[k\kmTG@m]UWB cnG@SWi<G@YyUdUWZ
t
 ACBE]^S G@SVUW]F _sUW]Za\
qUqsrt^uv&w4x
ut   g-)  3^C&!
SW[E}>}aG@SVUnShUWBl_sUMUWBEG@cWGSVBkZa[E^mz<GH_YZ>\RaG`cn}aG@\kYG]\ mT]SVUWcn]zE[TUW]Za\Zj8UWBEGHcn_a\kmTZ>F s_acW]^_jzEG
L(t) −
log1/a(t)
_>S
t
}aZRG@ShUWZ]\ k\E]UfQaJPR[kcWiEcn]^SV]\E}aQ32<UnBE]SY`Za\RaG@cW}>G`\kY`GmTZRG@SM\EZaUMBEZ>mK ]UnB Y@_j^Y[E[kS
Z>\SWZaFG_aUnG`cn\k_sUn]\E}SVG@cW]G@S 2 L¡G`]\Uncn_a\kSVZacnFSJ_j\kmYZaFiEG_a\k_jQTSV]^S%FGUnBEZTmES 2oZ^_sefZ>G`U 9   ;
Bl_aSªSWBEZs\JUWBk_jUªUWBEGh_acW]^_jzkG
L(t)− log1/a(t)
G`TBE]zk]U.Sª_j\_>SVQRFiTUWZaUW]^Y Z>SnY]^_sUn]\E}"z<G`Bl_]Zac-]UWB
cnG@SWi<G@YyUCUnZ
t
 ZkZac_a\G`RUWG`\lSV]Za\ZjUWBEGXSVG"cnG@SW[EUnS 2ESVG@G_aSWZ <]c.SnY.BEG`\EBkZjG`c 5	)87 9 u`r;5
 \UWBE]^S-SVGXYyUW]Za\I2j_hSW]FiEG8ikcWZRZjEZaTUWBE]^ScWGXSV[kU-]SiEcnG@SWG`\UWGXmF2UWZ>}aG`UWBEG@c']UWB_j\%G`Rik]^Y]U-mEG@SnYcn]igf
Un]Z>\/ZjUWBEG%_>SVQRFiTUWZaUW]^YMzlG@Bk_R]Z>cZjUWBEG%mT]^SVUWcn]zE[EUW]Za\/ZjUWBEG"c._j\lmTZaFs_acW]^_jzEG
L(t) − log1/a(t)

ACBkGxZ>Zs]\E}G`G`FG`\Un_acWQ ikcWZ>ilZSV]UW]Za\/SV]FiE] kGXS_ZaUCUWBEG%_a\k_jQTSV]^S ZjUWBEG%_a}>Zacn]UnBEF/
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an
n−1
∑
k=0
Gn−k−→H 
  =
+∞
∑
k=0
akEk a uXt3b
^)8` 	
n
+C4%-& ^-   5!d (En) E 	
50/#!^&@"$#(-@`35`C&[6!d	`Cs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h(x) =
1
∏+∞
k=1(1 − ak)
+∞
∑
n=0
1
∏n
k=1(1 − a−k)
a−n exp
(
−a−nx
)
, x ≥ 0. a u / b
 !d&!  ^&! +,5 a utb E%!1!^o#&! -^ 	)Q	!	  @!  7- 7
lim
n→+∞
sup
x≥0
∣
∣
∣
∣
∣
P
(
n−1
∑
k=0
anGn−k ≥ x
)
− P (H ≥ x)
∣
∣
∣
∣
∣
= 0. a u@r,b
ACBEGhcn_a\kmTZaFo_acW]^_jzkG
H
]^Sd_jcnG@_amEQ iR\EZs\]\HUWBkGhmTZaF _a]\ZjY`ZaFF[E\k]Y@_sUW]Za\\EG`Uf8Z>cdiTS 2szE[TU
]\/_>G`cnQmE] ¤G`cnG`\UCcn_aFG` Zaci 4ACBEGYZa\k}aG@SVUW]Za\_aZ>]mE_a\kYGhiEBk_aSWGMZjUnBEG"A'c._j\kSWF]SnSW]Z>\I8Za\UWcnZa
bdcWZaUWZTYZ> a AhI8b b%ZaUWBEG \UWG`cn\EG`U@ \UWBE]^SY`_aSWG32 H ]^SJcWG@_jUWG@m UnZUnBEGSVUn_jUW]Za\k_acWQ mT]^SfUncW]zE[TUn]Z>\ZadUnBEGHUWBEcnZa[E}>BEiE[TU"Za _Z>\E}/AhI8b Y`Za\E\kG@YyUn]Z>\ PRG`G vx[EF _aS 5X	) 7 9   ;5 ACBEGs_jcn]^_jzEG
H
_j^SWZ
_aiEi<G@_jcnG@m]\F _sUnBEG`F _jUW]^Y`_j l\k_j\kY`GCFHZTmTG@S UWZ"mTG@SnYcn]zlG  SW]^_j\KxiTUW]Za\lS52aSWG`GhI _acWFZa\l_ 5M	)87k9 r3;5
  !d  #&7 ZkZac
k ≥ 0 _a\km x > 0 2RUnBEG`\
P (anGn−k ≥ x) = (1 − an−k)dx/a
ne
= exp
(
dx/ane log
(
1 − an−k
)
)
∼ exp
(
− x/ak
)
,
BkG`\kY`GhUnBEGcn_a\kmTZaF s_jcn]^_jzEG
anGn−k
Y`Za\RaG@cW}>G@Sª]\mE]SVUWcn]zk[TUW]Za\UWZ
akEk
BkG`cnG
Ek
]S G`Ri<Za\kG`\gf
Un]_aQ/mT]SVUWcn]zE[TUWGXm]UWBil_jc._jFGUnG`c
1
xACBEG@cWG`ZacnG32kzRQ]\lmTG`i<G`\kmEG`\kY`GJZa UWBEGJ_acW]^_jzkGXS
(Gk)
2<UWBEG
Y`Za\RaG@cW}>G`\kY`G a utb"BEZ>mkS` ZEZ>cUnBEGG`Rik]^Y]UHG`TiEcWGXSWSW]Za\ ZjUnBEGmEG`\kSW]UfQ Za H 2ªSWG`GUnBEGikcWZRZjZabdcWZ>ilZSV]UW]Za\ u / Zj vh[kF_>S & 	) 7 9   ;
I8BEG@zRQRY.BkG`  SC \kG@[k_j]UfQ}a]aGXS52Zac
x > 0
2
P
(
an
n−1
∑
k=0
Gn−k ≥ x
)
≤ 1
x
E
(
an
n−1
∑
k=0
Gn−k
)
≤ 1
x
a2
1 − a,
OQPMqROTS
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BkG`\kY`G32RUWBkGM[k\E]Z>cWFY`Za\RaG@cW}>G`\kY`G a u`rCb8Bk_>S8Z>\EQUWZzlGiEcnZsaGXm ]\_YZ>Fik_aYU ]\UWG`cns_j5ªPR]\lYGMUWBEGSWG@[EG@\kYG
n → P (anGn−k ≥ x)
]^Sh\kZa\gf mTG@Y`cWGX_aSW]\k}^2EUnBEGSW_aFHGiEcWZ>ilG@cVUfQBEZ>mEShZacxUWBkG%[E\kYUW]Za\
fn
mTG k\EG@m/_>S ZaZsS
n → fn(x) $   )= P
(
an
n−1
∑
k=0
Gn−k ≥ x
)
.
¨ Qvx]\k] S%ACBEG@ZacnG`F 2¤UWBEG\EZ>\gf mTG@Y`cWGX_aSW]\E}SVGX>[kG`\kY`GJZad[E\kYUW]Za\kS
(fn)
YZ>\>G`cn}aGXS !g^ #&!")  Z>\
Y`ZaFik_>YyUSVG`UnS UnZ
x → P(H ≥ x) ªACBEG"[k\E]Z>cWF YZa\R>G`cn}aG`\lYG a u@r,b ]^SCG@SVUn_jzk]^SVBkG@m
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H ) * a = 1/2
'	

t ≥ 1 + $ u ∈ [0, 1] , - + &!&'!#./#.0!& + 
E
(
uL(t)
)
= E


∑
n≥0
un(1 − u) 1{L(t)≤n}

 =
∑
n≥0
un(1 − u) P (L(t) ≤ n)
'	12 +  , #* P (L(t) ≤ n) = P (G1 + · · · + Gn ≥ t) ,  "'3
 n ≥ 1 45 -&67389&:
*1 + &'	
E [exp (−λL(t))] =
∑
n≥0
e−λn
(
1 − e−λ
)
P
(
an
n−1
∑
i=0
Gn−i ≥ ant
)
, λ > 0.
:; "'3
&<=#8'3?>3*
	#8A@B*C?D7	>	7E8FG + '	 ,+  t 	'6H&'!I; ,
E [exp (−λL(t))] =
∑
n≥0
e−λn
(
1 − e−λ
)
P (H ≥ ant) + o(1),
JKJ=LNMO.P8Q/R
u@r   g-)  3^C&!
zRQSW]UnY.BE]\E}HUWBEG%SW[EF _j\kmUWBEG"G`TilGXYyUn_jUW]Za\Q2TZ>\EG"}aG`UnS
E[exp(−λL(t))] ∼ E


∑
n≥0
e−λn
(
1 − e−λ
)
1{H≥ant}


= E


∑
n≥dlog1/a(t/H)e
e−λn
(
1 − e−λ
)
1{t≥H}

 a uXq3b
= E
[
exp
(
−λdlog1/a(t/H)e
)
1{t≥H}
]
∼ E
[
exp
(
−λdlog1/a(t/H)e
)]
.
ACBkGxZ>Zs]\E}G@[E]_aG@\kYGZa  _aiE^_aYGMUncn_a\kSfZ>cWF S Bk_>S UWBEG@cWG`ZacnGMz<G`G@\/ZazTU._j]\EG@m!4
E
(
exp
[
−λ
(
L(t) − log1/a(t)
)])
∼ E
(
exp
[
−λ
(
dlog1/a(t/H)e − log1/a(t)
)])
= E
(
exp
[
−λ
(
1 − log1/a(H) − {log1/a(t/H)}
)])
.
ACBkG_azlZs>GcnG`^_sUW]Za\]FiE]GXSHUWBk_jUH]
x ≥ 0 _a\km Z(t) = L(t) − log1/a(t)
UnBEG`\UWBkG/SWG@[EG@\kYG
(Z(a−n−x))
Y`Za\RaG@cW}>G@S8]\/mT]^SfUncW]zE[TUn]Z>\ªACBEG"F _j]\cWGXSV[EUZj Z_jefZaGU 9   ;Y`_a\\kZs z<G%SfU._sUWGXm 
H   R¦      f~ ¢    ¦  D4 X D   T9DEF D4`@ D  D ¦ F  '( @l 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L(t)− log1/a(t)
E%0/#!g-	)8&[  `E!#!g :$#
F (log1/a(t))
 5!d  #&! x ≥ 0  F (x) E`C  ` 	
F (x) = log1/a
(
1
aH
)
−
{
x − log1/a(H)
}
, x ∈ R,
 ^&! H E% !d	@`3 	!	C&)8
-[ ! `5!^`-   !d-C7chZjUnGUnBk_sUUWBkG cn_a\kmTZaF [E\lYyUW]Za\
x → F (x) ]Si<G`cn]ZTmT]^YH]UnBi<G`cn]ZRm 1 JACBkGHs_acW]^_jzEG H ]^S]\ _>YyUCYZa\lYG`\Uncn_jUWG@m _acWZ>[E\km ]UnS _aG@cn_a}aG_C_Q%cnZaF
0 a SVG@GhUnBEGxmEGUn_a]G@mSfUn[kmTQzRQ  ]UWs_i_a\kmmTG@\	¤8G`U 9 u   ;b%_j\lm cWZ>F
+∞ a G`Ri<Za\kG`\UW]^_jCmTG@Y@_QbyACBEGiEBEG`\kZaFG`\EZ>\ZjFZTmTG`c._sUnGZ>SnY]_jUW]Za\kS
a zE[TU\EZaUh_aSSWF _jEb SWG`G`\Zac <\R[TUnB  S  }aZ>cW]UWBEF ]S UnB[lS_j^SVZJUWcn[EG"]\UWBE]^SY`_>SVG>
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_aSWQFiTUnZjUn]Y/z<G`Bk_R]Zac ZaMUnBEGSWG@[EG@\kYG
(E(Rn)
]^SmT]cWGXYyUnQZazTU._j]\EG@mcnZaF
gG`^_sUW]Za\ a nbyAZZ>zTUn_a]\UWBk]Sx]mEG`\UW]UfQ32kUWBEG"iaG`QSfUnG`ikSx_jcnG u4b UnBEGJmEG&fbZ>]SnSWZa\E]@_jUW]Za\/_j\kmtCb UWBEG[lSVG"ZahZk[EzE]\E]  SxACBEG`Z>cWG@F ]\¡©d[k_sUn]Z>\ a   b UnZcnG`FZsaGxUWBEGJSVG@cW]G@S@d \PRGXYyUn]Z>\ / 2EUnBEG iaG@QSVUWG@i¡]S_aSWZJUWBEG"[kSWG"Zj ZE[Ezk]\E]  SACBEG`Z>cWG@F]\©8>[l_sUW]Za\ a uq3b8UnZH}>GUcn]mZjUWBEG%SWG`cn]G@S@U%F _Qz<GHUWBEZ>[E}aBUUWBk_jU"UWBEGXSVG mTG@cW]s_sUn]Z>\kS_jcnGH\kG`aG@cVUnBEG`G@SnSMilZSWSW]zEGZ>\EQ¡z<G@Y@_j[kSWGZj UWBEG
il_jcWUW]^Y[E^_jc GTiEcnG@SnSV]Za\lSª]\>ZaaGXm!4MZkZacCGE_aFHikGC2]\¡PRG@YUW]Za\t2UWBEG"SWilGXY]^_j¤iEcnZai<G`cWUW]G@S Zj'b-Z>]SnSVZ>\
ikcWZTYGXSWSWG@S_jcnGYcn]Un]Y@_jM]\ UWBEG SVZ>[EUW]Za\ Zj"UnBEG iEcWZ>zEG`F/oACBEG iE[EcnilZSVGZj"UWBk]SSVGXYyUn]Z>\ ]SUWZ
ikcWZ>ilZSVG_SW]FHikGFG`UWBEZTm_aZ>\E}/UWBEGSW_aFG ]\EG@S%UWZ SfUn[kmTQUWBEG_aSWQFiTUnZjUn]Yz<G`Bk_R]Zac%ZahSVZ>FG
SWG`cn]G@SM_j\km[E\kYyUn]Z>\kS@  SM]U"]-zlG SWG`G`\I2 ]U%_jikiE]G@SM]\s_jcn]Za[kSSW]Un[k_sUn]Z>\Q2 G`>G`\BEG@\UnBEG`cnGH]S
\kZHikcWZ>zk_jzE]]SVUW]^YM]\UWG@cWikcWG`Un_sUn]Z>\ZaUnBEG%SVGX[EG`\kY`G[E\kYyUn]Z>\[k\kmTG`cSVUW[lmTQa
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ACBk]SCG`T_aFiEG]^SCUn_3iaG@\cnZaF Z^_sefZ>G`U 5 	)87 9 |;ik_j}>G / qT ACBEG"z<G`Bl_]ZacCZa'UWBkG[E\kYyUn]Z>\
G(x) =
∑
k≥1
g
(
x/2k
) a u   b
]^SC]\>G@SVUW]}>_jUWG@mBEG@\
x
}>ZGXS UWZ]\ k\E]UfQa
U]^S_>SWSW[EFG@mUnBk_sU
x → g(x) ]SmT] ¤G`cnG`\Un]_azEG_a\kmUWBk_jU g(0) = 0 SVZ UnBk_sUUWBEGSW[EF]S G`ªmTG k\EG@mACBkG@SWGY`Za\kmE]Un]Z>\kS_jcnGJ\EZaU"UWBEG G@_3iaG@SVUilZSWSW]zkG>HACBEG}>Z>_j-BEG@cWG]^SMUWZ iaG@G`iUWBEG
ikcWGXSVG@\>U._sUn]Z>\_aSSW]FHikG%_>SCilZSWSW]zkGC2T\EZjUCUWZ }>GUCUWBkG"FHZSfU_>Y`Y[kcn_jUWGcWGXSV[kUCZacCUnBE]^SSVi<G@Y`]_aY`_>SVG>
¨ Q[lSV]\E}HUWBEG"G@G@FG`\Un_acWQ cnG`^_sUn]Z>\Q2RZac
x > 0
2
g(x) =
∫ x
0
g′(u) du,
UnBEG%SWG`cn]GXS a u   bCY@_j\/z<G"cW]UVUnG`\/_aS
G(x) =
∑
k≥1
∫ x
0

{u<x/2k}g
′(u) du.
K BkG`\UWBEG%SW[EF _a\kmUWBEG"]\UWG@}ac._j _jcnGilG@cWFJ[TUWGXm]\UWBEG"^_aSVUGTiEcnG@SnSV]Za\Q2T]UQR]G@mkS
∫ x
0
∑
k≥1

{u<x/2k} g
′(u) du =
∫ x
0
blog2(x/u)cg′(u) du,
Zk[EzE]\E]  SACBkG`ZacnG`F SfU._sUWGXS UWBk_jUUWBE]^SC^_aSVUUWG`cnF]^S]\kmTG`GXm
G(x)
BEG@\UWBEG%Y`Za\kmT]UW]Za\
∫ x
0
| log2(u)| |g′(u)| du < +∞
BkZa^mES`- \UWBk]SY@_aSWG32RUnBEG[E\kYUW]Za\
G
Y@_j\UWBR[kSCz<G"cWG@iEcnG@SWG`\UWGXm_>S
G(x) =
∫ x
0
blog2(x/u)c g′(u) du
= −
∫ x
0
{log2(x/u)} g′(u) du +
∫ x
0
log2(x/u) g
′(u) du.
ACBkGxZ>Zs]\E}iEcWZ>ilZSV]UW]Za\Bk_aSCz<G`G@\/iEcWZs>G@m 
M  ¦d¦  D  D ¦ F  # -^@#0!g5 
g
E ` 5!d&[ 	C&)  	@` 1!^%	
g(0) = 0  !g`C&! -^ `- 
∫ +∞
0
| log(u)| |g′(u)| du < +∞, a unb
qUqsrt^uv&w4x
u     g-)  3^C&!

`3	C`"1!g
G(x)
	 " 2&!d&5`k	
G(x) = F (log2(x)) +
∫ +∞
x
{log2(x/u)} g′(u) du +
1
log 2
∫ +∞
x
g(u)
u
du. a u   b
 ^&! F E% 5! ` #0!g5    -"^&!4` 1  `3 o@`k&
F (y) = − 1
log 2
∫ +∞
0
g(u)
u
du −
∫ +∞
0
{y − log2(u)} g′(u) du, y ≥ 0.
bdcWZsR]^mTG@mJUWBl_sU
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e−λ, n ∈ N.
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